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Abstract
Using only the individual gradient vectors of a shaded image of an illuminated sphere, the position
of the light source in a scene is computed. A two-part process, the proposed method determines both the
two-dimensional planar direction of the light source, as well as its angular tilt above the image plane.
Uncomplicated and therefore easily implemented, the method boasts an exceptionally fast run-time. It
is currently designed for use in scenes involving a single point light source and a single shaded sphere,
though it readily extends to ellipsoids, and, at times, textured spheres. In the case of arbitrary surfaces,
only the two-dimensional planar direction of the light source may be estimated at this time. A formal
proof of the proposed method, up to the two-dimensional planar direction of the light source, is also
presented in this work.
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1

Introduction

Light direction estimation is frequently considered as a first step in the solution of a general shape-fromshading [1, 2, 3] problem. Simply stated, the objective is to determine the three-dimensional position of a
light source in a scene, given a two-dimensional image of that scene. Because three-dimensional information
is normally lost in the production of an image, one is not generally able to accurately recover the position
of a light source from a single image. This paper proposes a straightforward and fast solution to this
problem in the case of a shaded sphere under a single light source. Specifically, it has been discovered
that the average gradient vector of the shaded image, along with its magnitude, is sufficient to accurately
determine the position of the light source, up to a scalar factor of its distance from the scene. This
finding is proved, up to the two-dimensional planar direction of the light source, in Appendix B. While
the technique is largely aimed at smoothly-shaded Lambertian [4] spheres, it partially extends to textured
surfaces, ellipsoids and even general scenes.
A number of motivating factors inspire research in this area, not the least of which is that of a
stepping stone to a solution to the more general problem of shape-from-shading and scene reconstruction.
Additional applications include interactive photo montage [5], facial recognition under changing lighting
conditions [6], the removal of specular highlights [7] and three-dimensional robot vision [8].
Light detection is classic problem in image processing. Among the earliest of all works in this area
is that of Brooks and Horn [1]. In this paper, the two present analytic solutions to both the light direction
and shape determination problems, without explicit use of the image reflectance map [9]. A number of
analytic approaches [9, 10] involving the reflectance map, and in particular image contours, have since
appeared. Using an alternate approach, Debevec [11] estimates local lighting information by positioning
a mirrored sphere into a given scene. However, this method requires that the scene geometry be known.
This highly restrictive assumption is also made by Upright et al. in [12], in which the group uses wavelets
to recover lighting information. Next, assuming that the geometry of the object of interest is known, Hara
et al. [13] are able to estimate the position of a light source using a single image of the given object. By
later varying the position of the light, the team is able to generate any number of synthetic images of the
object. In [14], Matsushita et al. approximate the illumination of a scene by way of a minimization process.
A further listing and overview of techniques, both classic and modern, is presented in [15]. Although the
aforementioned techniques may be applied to spheres, they are largely designed for general surfaces. One
of the first works to specifically address spheres is that of Lee and Rosenfeld [16], published in 1985. Later,
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using neural networks, Dror et. al [17] examine the surface reflectance properties of a variety of spheres.
Zhou and Kambhamettu [18] establish the direction and intensity of several light sources using two stereo
images of a given sphere. An iterative routine using least squares and various critical points is presented
in [19]. In yet another attempt, Yang and Yuille [20] decide among a number of probable light positions,
based on the shading conditions present in the given photograph.
The new method is introduced and described in Section 2. Then, in Section 3, it is extended to
other surfaces, followed by some testing carried out in Section 4, before concluding remarks are made in
Section 5.

2

Light Direction Detection

The three-dimensional direction of a light source, represented by the normalized vector L = hLx , Ly , Lz i,
is obtained via a two-stage process. In the first step, the average gradient vector of the shaded image is
computed. Then, using the magnitude of this average vector, the tilt angle of the light above the image
plane is calculated. Together, these two components accurately identify the three-dimensional direction of
the light source from the scene. This entire procedure requires only a single shaded image of an illuminated
sphere. Unfortunately, the approach does not allow one to determine the precise distance of the light from
the scene. As a result, L, as indicated above, is given as a normalized vector, even though the actual light
source may not be at an exact unit distance from the scene. Psuedocode for the complete algorithm is
found in Appendix A.

2.1

Average Gradient

This research finds that the average of the two-dimensional gradient vectors of a given shaded image of a
sphere is equal to the vector that points in the direction of the light source illuminating the scene. This
remarkable fact is a result of the elegant symmetrical properties of the gradient vectors in a shaded image of
a sphere. Consider, for instance, the example of Fig. 1. Here, the light is located to the upper right of the
scene, as is evident from the shaded sphere of Fig. 1(a). Not surprisingly, a large number of the gradient
vectors in the corresponding gradient map of Fig. 1(b), specifically those in the central region, point in
this direction. Those near the top left of the map, however, generally point in a horizontal direction, while
those in the lower right section are directed upwards. When averaged, these two sets of horizontal and
vertical vectors also produce a vector oriented to the upper right and in the direction of the light source.
Further observe that these two sets are symmetric with respect to the direction of the light. It appears
that for each vector on one side of the line passing through the light, there is a complementary vector on
the other side. The average of each pair, in general, is a vector in the direction of the light. When these
vectors are later averaged with those in the central portion of the gradient map, the ensuing global average
is a two-dimensional vector aimed squarely at the light. Though quite simple, this process is surprisingly
adept at calculating the direction of the light source. This fact is formally established in Appendix B.
Mathematical descriptions of the local and global gradient vectors are given below. Note that in
order to later determine the vertical tilt angle of the light source, each of the local gradient vectors must
be individually normalized, as further discussed in Section 2.2. Assume that the gray-level shading value
of each image pixel is represented by the function f (x, y), where x indicates the column of the pixel and y
identifies its row. The origin, occurring in the upper-left corner of the image, is represented by the point
(0, 0). From here, x increases in a positive fashion from left to right, while y increases in a likewise manner
from top to bottom. The local gradient [21] vector at any pixel f (x, y) is then computed as
∇f (x, y) = hfx (x, y), fy (x, y)i = hf (x, y) − f (x − 1, y), f (x, y) − f (x, y − 1)i ,

(1)

where fx (x, y) and fy (x, y) denote the horizontal and vertical components, respectively, of the gradient. It
is important to recognize that these gradients are computed across the shaded image of the sphere rather
than the actual surface of the sphere itself. In addition, because of the discrete boundaries of a digital
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(a) Shaded sphere with light at L = h2, 2, 3i
(tilt angle of 47◦ )

3

(b) Gradient map of shaded image of sphere

Figure 1: Shaded sphere and corresponding gradient map.
image, it is not possible to compute a gradient vector for those pixels lying along the image border. The
normalized form of each local gradient vector is given as


fy (x, y)
fx (x, y)
∗
∗
∗
,
.
(2)
∇f (x, y) = fx (x, y), fy (x, y) =
k∇f (x, y)k k∇f (x, y)k
The individual horizontal and vertical components are averaged over all local gradient vectors to produce
a single global average gradient, given as
* n
+
n
X
X
1
1
∗
∗
∇f¯(x, y) = f¯x (x, y), f¯y (x, y) =
(3)
fx (x, y),
fy (x, y) ,
n
n
i=1

i=1

where n represents the number of non-zero gradients in the picture. At present, a non-zero gradient is
one in which the absolute value of at least one of its horizontal or vertical elements exceeds a threshold
of 0.01. Furthermore, as a primitive means of excluding object boundaries from the computation of the
average gradient, local gradient vectors in which either of the horizontal or vertical components exceeds
32 are ignored. Note that this entire procedure requires only a single pass over the input image. In most
instances, the algorithm runs in only a few milliseconds.

2.2

Tilt Angle

Closer inspection of the gradient map of Fig. 1(b) reveals that the vectors in the extreme upper right ribbonshaped region of the sphere are in fact oriented in the opposite direction of the light source. Averaging
these vectors with the others, ∇f¯(x, y) is shortened accordingly. The degree of shortening is proportionate
to the number of these “opposing” vectors. And the number of these vectors is related to the vertical tilt
angle of the light, depicted in Fig. 2. As a rule, the greater the number of these “opposing” vectors, the
higher the tilt angle of the light source. When there are no such “opposing” vectors, k∇f¯(x, y)k = 1.0.
This corresponds to a tilt angle of θ = 0◦ , meaning that the light lies in the image plane. In the exact
opposite situation, in which the combined length of the opposing vectors is equal to that of those pointed at
the light, k∇f¯(x, y)k is reduced to 0.0. This time, the light is positioned directly overhead, perpendicular
to the plane, with θ = 90◦ . In general, the tilt angle is given as

θ = arccos k∇f¯(x, y)k ,
(4)
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where 0◦ ≤ θ ≤ 90◦ and 0 ≤ k∇f¯(x, y)k ≤ 1. Angles are strictly positive, meaning that light sources
behind the image plane are not permitted. As well, k∇f¯(x, y)k never exceeds 1.0 since each of the local
vectors is individually normalized.

z
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hLx , Ly , Lz i
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θ 
 
 
 


s
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Figure 2: Tilt angle.
It was quickly determined that the individual gradient vectors needed to be normalized in order
to obtain an accurate estimate of the tilt angle. Though not yet fully understood, this idea appears to
be related to the manner in which local vectors not directly oriented at the light source “cancel out” one
another. This phenomenon is best illustrated by way of an example. Take again the situation of Fig. 1(b).
Specifically, consider the average of one horizontal vector, given as h1.0, 0.0i, and one vertical gradient
vector, namely h0.0, 1.0i. Having been normalized, each of these vectors has a length of 1.0. By (3), the
average of the two is found to be


1
1
¯
∇f (x, y) =
(1.0 + 0.0) , (0.0 + 1.0)
(5)
2
2


1 1
=
,
.
(6)
2 2
The length of ∇f¯(x, y) is equal to
s 
 2
1 2
1
1
¯
k∇f (x, y)k =
+
= √ < 1.
2
2
2

(7)

As is obvious from (7), the length of the average vector is less than 1.0. Conversely, those vectors aimed
directly at the light source have a length very close to 1.0. Suppose that these vectors are averaged with
those of the sort given in the example above. In such a case, the length of the resulting average vector is
less than 1.0. This decrease in length increases the estimate of the tilt angle. Moreover, as the light rises
higher above the scene, there are increasingly more horizontal and vertical vector pairs, further reducing
the length of the global average vector and increasing the value of the tilt angle. It appears that the
amount of reduction is directly related to the actual value of the tilt angle. Additional research is needed
to precisely explain this phenomenon. In another sense, by normalizing the vectors, the global average
essentially becomes a count of the number of vectors pointed at that light versus those aimed in the opposite
direction. Each of these ideas warrants further study. One point that is clear, however, is that without
such normalization, the resulting tilt angle is often noticeably inaccurate.
A slight error in the measure of the tilt angle will periodically occur in situations involving small
tilt angles. In such cases, the contour lines produced on a sphere by the lighting are oriented in directions
perpendicular to the boundaries of the sphere. As a result, local gradient vectors ∇f (x, y) are often
oriented away from the light source. Consequently, ∇f¯(x, y) is shortened and therefore causes the tilt
angle to appear higher than in actual fact. For larger angles, contour lines are oriented in the direction
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of the light source and produce a longer average gradient vector and thus more accurate estimates of θ.
Note that not all small angle measures result in errors. Further studies of the exact conditions that must
be met in order to observe this error are planned. As an example, see Fig. 3(a) of Appendix C.

3

Additional Surfaces

In the following sections, the method of Section 2 is extended to situations involving textured spheres,
ellipsoids and even general surfaces and photographic scenes. In the case of the textured spheres and
ellipsoids, it is still possible to estimate the tilt angle of the light. Among the remaining surfaces, though,
this is generally not true.

3.1

Textured Spheres

Textures pose a challenge to the algorithm in its existing form. It is not possible at this time to distinguish
between image contours caused by lighting versus those resulting from the shading and patterns of the
texture. An average of all image contours, ∇f¯(x, y) is sometimes incorrect. Perhaps the simplest means
of addressing this issue is to blur the input image in order to diminish the effects of the textures. This
is the approach taken in the examples of Fig. 7 of Appendix C. Another solution involves lowering the
“segmentation” threshold of Section 2.1, currently set at 32. Such a change may result in the algorithm
missing various lighting contours, though the impact is likely to be marginal.

3.2

Ellipsoids

A scaled variation of the sphere, the ellipsoid [21] is mathematically defined as
x2 y 2 z 2
+ 2 + 2 = 1,
a2
b
c

(8)

where a > 0, b > 0 and c > 0 denote the radii along each of the primary axes. Assuming a parallel viewing
projection along the z-axis, the ellipsoid appears as a two-dimensional ellipse of the form
x2 y 2
+ 2 = 1.
a2
b

(9)

Suppose, without loss of generality, that the horizontal radius of the ellipse is the longer of the two radii.
The length of this longer radius is taken to have unit length, that is a = 1. The ellipse of (9) is therefore
simplified to
y2
x2 + 2 = 1.
(10)
b
The radius of the shorter, vertical side is equal to the length of that radius, divided by the actual length
of the horizontal radius. It is expressed as
0≤

b
= b ≤ 1.
a

(11)

Observe that if one were to scale the second term of the expression of (10) by b2 , the ellipse would be
reduced to a circle. Hence, the computation of each local gradient vector is modified from that of (1) to
the following scaled form, namely
∇f (x, y) = hfx (x, y), fy (x, y)i = f (x, y) − f (x − 1, y), b2 (f (x, y) − f (x, y − 1)) .

(12)

A more formal investigation of this idea is expected at a later date. Examples involving ellipsoids are given
in Figs. 8 and 9 of Appendix C.
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Arbitrary Surfaces

An arbitrary surface may represent any surface or combination of surfaces. Lifelike scenes composed of
textures, shadows, detailed objects and complex reflections also fall into this category. Though ∇f¯(x, y)
is usually a strong indication of the direction of the light source, it is occasionally less accurate than in
the previous situations. Furthermore, there is no general means of estimating the tilt angle in these sorts
of scenarios. The examples of Fig. 10 of Appendix C show the performance of the algorithm in these
instances.

4

Experiments

A large number of tests involving synthetic and actual images of objects have been carried out. Artificial
images were rendered using OpenGL R . All examples are found in Appendix C. Examples of Lambertian
spheres are given in Figs. 3, 4, 5 and 6. In each, the measure of ∇f¯(x, y) is very reasonable. Moreover,
the estimated tilt angles are extremely close to their corresponding actual values. Smaller angles, most
notably that of Fig. 3(a), are less accurate. Please refer to Section 2.2 for a discussion of this matter. An
assortment of textured spheres is seen in Fig. 7. Blurring was achieved using a 2.0−radius Gaussian blur.
This simple heuristic appears to be rather effective. In each of the four images shown, ∇f¯(x, y) clearly
points in the direction of the light, though the precise direction of the source is not available. Examples
of illuminated ellipsoids are given in Figs. 8 and 9. In each of the four ellipsoids of Fig. 8, the vertical
height of the object is 80% that of its width. Therefore, a scaling value of b2 = 0.82 = 0.64 is employed, as
described in Section 3.2. Whereas the calculated values of ∇f¯(x, y) are relatively accurate, the estimates
of the tilt angle are somewhat less so, particularly when compared with those of the spheres. In the second
example, namely that of Fig. 9, a scaling factor of b2 = 0.62 = 0.36 is required. Natural scenes are given
in Fig. 10. In this example, like that of Fig. 7, the actual position of the light source is not available. The
computed values of ∇f¯(x, y) nevertheless point towards the illuminating sources.

5

Conclusions

The method presented in this paper offers a swift, yet reliable, answer to the light detection problem
when the object of interest is a sphere. Most appealing of all, the algorithm involves nothing more than
the gradient vectors of a single shaded image. From here, a straightforward calculation allows one to
approximate the vertical tilt angle of the light source.
A number of enhancements to extend the ideas of this research to shapes and surfaces beyond
spheres and ellipsoids are actively being explored. Such ideas include, for instance, assuming arbitrary
surfaces to be locally spherical, blurring images to reduce the effects of object boundaries or using segmentation to separate objects from one another. Before doing this, however, it is important that the existing
approach be broadened to deal with images that include ambient background light. This matter is perhaps
easily handled when it is known in advance that the scene contains a sphere. The strategy then is to
consider those regions in which the local gradient vector ∇f (x, y) is near zero, while being careful to ignore
background areas outside of the sphere. These low-detail regions with few contours are likely to free of the
effects of diffuse lighting. Consequently, any shading information must be the result of ambient lighting.
The pixels in such regions naturally offer a reasonable estimate of the amount of ambient light in the scene.
Once this estimate of ambient light is subtracted from the image, the method of Section 2 may be called
upon to determine the position of the light.
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Appendix A
Psuedocode of the two-stage light direction detection algorithm is given below.
f¯x (x, y) ← 0
f¯y (x, y) ← 0
∇f¯(x, y) ← 0
n←0
for each pixel f (x, y), 1 ≤ x ≤ width − 1, 1 ≤ y ≤ height − 1 do
fx (x, y) ← f (x, y) − f (x − 1, y)
fy (x, y) ← f (x, y) − f (x, y − 1)
∇f (x, y) ← hfx (x, y), fy (x, y)i
if (|fx (x, y)| > 0.01 or |fy (x, y)| > 0.01) and (|fx (x, y)| ≤ 32 and |fy (x, y)| ≤ 32) then
fx∗ (x, y) ←

fx (x,y)
k∇f (x,y)k
fy (x,y)
k∇f (x,y)k

fy∗ (x, y) ←
f¯x (x, y) ← f¯x (x, y) + f ∗ (x, y)
x

f¯y (x, y) ← f¯y (x, y) + fy∗ (x, y)
∇f¯(x, y) ← ∇f¯(x, y) + f¯x (x, y), f¯y (x, y)
n←n+1
end if
end for
if n > 0 then
f¯x (x, y) ← n1 f¯x (x, y)
f¯y (x, y) ← 1 f¯y (x, y)
n

∇f¯(x, y) ← n1 ∇f¯(x, y)

θ ← arccos k∇f¯(x, y)k
end if

Appendix B
This section includes a partial proof of the new light detection algorithm. At this time, a complete and
formal proof of the ideas put forward in Section 2 is not feasible. Though such a proof remains a primary
objective, efforts continue to be hindered by two significant issues. First, recall the relationship of Section
2.1, in which the global average vector is found to be proportionate to the two-dimensional direction
of the light source. A rigorous evaluation of this global sum requires the mathematical integration of the
individual local gradient vectors over the entire sphere. Although each such vector can readily be expressed
in algebraic terms, the problems introduced by the complex quadratic expressions and radicals of the
normalization term in the denominator present significant challenges from the perspective of integration.
Successful resolution of this first dilemma rests on the ability to integrate the complicated expression
of (25). With traditional techniques having yielded very little progress, attention has shifted to Risch’s
algorithm [22, 23] for generalized integration. Unfortunately, there is the matter of finding a complete and
viable implementation of Risch’s enormously complicated integration algorithm. Alternately, it may very
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well be the case that no elementary [21] integral exists for this problem. The second issue of concern is
the lack of a thorough understanding of the effects of normalizing local vectors, as described in Section
2.2. Whether the normalization of individual vectors is the appropriate action from a mathematical point
of view or is merely a heuristic is not yet known. Until such time, it is premature to attempt to prove
anything in this regard. The following theorem, at minimum, proves the existence of a relationship between
the average of the local gradient vectors, without the effects of normalization, and the two-dimensional
direction of the light source.
Theorem 1 The average of the non-normalized local gradient vectors of a given image of a diffuse-shaded
Lambertian sphere is proportionate to the two-dimensional spatial position of the light source illuminating
the scene.
Proof. Consider a sphere S of radius r
x2 + y 2 + z 2 = r 2 ,

(13)

N = hx, y, zi .

(14)

with surface normal
Assume, without loss of generality, that S is centered in the scene. Further assume that the light illuminating the scene is represented by the normalized vector L = hLx , Ly , Lz i. Using a diffuse, distanceindependent lighting model [4], the local surface shading at any point (x, y, z) on S is computed. Then,
using a parallel projection, S is projected onto a two-dimensional image plane f (x, y). Here, z = f (x, y)
represents the shading or gray-level value of each pixel in the image, namely
f (x, y) = (ip kd ) (N · L)

(15)

= cd (N · L)

(16)

= cd (hx, y, zi · hLx , Ly , Lz i)
D
E

p
= cd x, y, r2 − x2 − y 2 · hLx , Ly , Lz i


p
= cd xLx + yLy + r2 − x2 − y 2 Lz .

(17)

In the continuous case, the gradient at any point on the image plane is computed as


∂f (x, y) ∂f (x, y)
,
.
∇f (x, y) =
∂x
∂y

(18)
(19)

(20)

Accumulating the individual gradients over the span of the sphere, in particular from −r to r, and subsequently dividing by n, one obtains
 Z r

Z
1
∂f (x, y)
1 r ∂f (x, y)
¯
∇f (x, y) =
dx,
dy
(21)
n −r
∂x
n −r
∂y


r
r
1
1
=
f (x, y) , f (x, y)
(22)
n
−r n
−r
2rcd
=
hLx , Ly i ,
(23)
n
where hLx , Ly i denotes the two-dimensional planar direction of the light source. 2
As a remark, had one actually attempted to prove the validity of the complete formulation involving
normalization factors, they would have been confronted by the ominous problem of integrating the following,
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namely
* Z
+
∂f (x,y)
Z r
∂f (x,y)
r
1
1
∂y
∂x
∇f¯(x, y) =
dx,
dy
n −r k∇f (x, y)k
n −r k∇f (x, y)k
* Z
√ x
1 r
r2 −x2 −y 2
Lx − r
dx,
=
n −r
2xLx +2yLy
x2 +y 2
2
2
√
Lx + Ly −
+ r2 −x2 −y2
2
2
2

(24)

r −x −y

1
n

Z

√

r

−r

y
r2 −x2 −y 2

Ly − r
2xL +2yL
L2x + L2y − √ 2x 2 y2 +
r −x −y

+
dy

.

(25)

x2 +y 2
r2 −x2 −y 2

Appendix C
A number of test images of Lambertian and textured spheres, along with several ellipsoids and various
natural scenes, are presented in the following pages. The particular choice of lightning varies across the
different examples. In some instances, the viewing direction of the scene is perpendicular to the camera,
while in others the camera is positioned at an oblique angle to the object. Lastly, θ∗ represents the actual
tilt angle, while θ, as defined in Section 2.2, denotes its estimate using the new algorithm.

(a) ∇f¯(x, y) =
h0.6551, −0.6798i , θ∗ =
2◦ , θ = 19.2616◦

(b) ∇f¯(x, y) =
h0.5722, −0.5724i , θ∗ =
35◦ , θ = 35.9659◦

(c) ∇f¯(x, y) =
h0.4036, −0.4082i , θ∗ =
55◦ , θ = 54.9707◦

(d) ∇f¯(x, y) =
h0.2501, −0.2471i , θ∗ =
71◦ , θ = 69.4164◦

Figure 3: Lambertian spheres I.

(a) ∇f¯(x, y) =
h0.0061, −0.9860i , θ∗ =
7◦ , θ = 9.5891◦

(b) ∇f¯(x, y) =
h0.0247, −0.9236i , θ∗ =
22◦ , θ = 22.4859◦

(c) ∇f¯(x, y) =
h0.0106, −0.5009i , θ∗ =
60◦ , θ = 59.9352◦

Figure 4: Lambertian spheres II.

(d) ∇f¯(x, y) =
h0.0020, 0.0049i , θ∗ =
90◦ , θ = 89.6962◦
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(a) ∇f¯(x, y) =
h−0.9524, −0.1484i , θ∗ =
14◦ , θ = 15.4437◦

(b) ∇f¯(x, y) =
h−0.8808, −0.1438i , θ∗ =
25◦ , θ = 26.8173◦
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(c) ∇f¯(x, y) =
h−0.4807, −0.0791i , θ∗ =
58◦ , θ = 60.8426◦

(d) ∇f¯(x, y) =
h−0.2382, −0.0383i , θ∗ =
75◦ , θ = 76.0379◦

Figure 5: Lambertian spheres III.

(a) ∇f¯(x, y) =
h0.7474, −0.5397i , θ∗ =
21◦ , θ = 22.7904◦

(b) ∇f¯(x, y) =
h0.6482, −0.5760i , θ∗ =
37◦ , θ = 29.8680◦

(c) ∇f¯(x, y) =
h0.2327, −0.6067i , θ∗ =
49◦ , θ = 49.4763◦

(d) ∇f¯(x, y) =
h0.1161, −0.5979i , θ∗ =
53◦ , θ = 52.4761◦

Figure 6: Lambertian spheres IV.

(a) ∇f¯(x, y) =
h0.0735, 0.0875i , θ =
83.4406◦

(b) ∇f¯(x, y) =
h−0.0243, −0.0320i , θ =
87.6946◦

(c) ∇f¯(x, y) =
h−0.2437, 0.2147i , θ =
71.0466◦

Figure 7: Textured spheres I.

(d) ∇f¯(x, y) =
h−0.2562, −0.0006i , θ =
75.1553◦

Technical Report TR-CS 2009-1, February 2009

(a) ∇f¯(x, y) =
h0.1494, −0.7506i , θ∗ =
44◦ , θ = 40.0647◦

(b) ∇f¯(x, y) =
h0.1687, −0.6758i , θ∗ =
50◦ , θ = 45.8524◦
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(c) ∇f¯(x, y) =
h0.1849, −0.5652i , θ∗ =
58◦ , θ = 53.5071◦

(d) ∇f¯(x, y) =
h0.1957, −0.4109i , θ∗ =
66◦ , θ = 62.9290◦

Figure 8: Lambertian ellipsoids I.

(a) ∇f¯(x, y) =
h−0.5917, 0.4078i , θ∗ =
48◦ , θ = 44.0637◦

(b) ∇f¯(x, y) =
h−0.3728, 0.2906i , θ∗ =
66◦ , θ = 61.7877◦

(c) ∇f¯(x, y) =
h−0.2626, 0.2247i , θ∗ =
73◦ , θ = 69.7784◦

(d) ∇f¯(x, y) =
h−0.2007, 0.1820i , θ∗ =
77◦ , θ = 74.2785◦

Figure 9: Lambertian ellipsoids II.

(a) ∇f¯(x, y) =
h−0.1886, −0.1115i , θ =
77.3433◦

(b) ∇f¯(x, y) =
h1.0000, 0.0000i , θ =
0.0000◦

(c) ∇f¯(x, y) =
h−0.0040, 0.3087i , θ =
72.0168◦

Figure 10: Natural Scenes I.

(d) ∇f¯(x, y) =
h−0.1568, 0.0683i , θ =
80.1520◦

